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In the following a, b are real numbers with a < b.

(1) Suppose f : [a,b] — R is a continuous function. Show that f is Riemann integrable.

15]

(2) Suppose fp : [0,1] — R is a Riemann integrable function. Define a sequence of
functions, {fy}n>1 inductively, by setting:

fn(z) :/0 fno1(t)dt, n>1

Suppose |fo(t)| < M for every t € [0, 1], show that for n > 0,
n

@l <M 0<a <L

Show that {fy}n>0 converges to 0 uniformly. [15]
(3) Let N be the space of real valued continuous functions on (0, 1]. Define Ny by

No={f €N :lim f(z) = 0}

(i) Show that every f in Ny is bounded. (ii) If {f,}n>1 is a sequence of functions
in Ny converging uniformly to a function f in N. Show that f € Np. [15]

(4) Let {q1,q2,...,} be an enumeration of rational numbers of [0, 1]. For n > 1, define
gn ¢ [0,1] — R by

() = gj if x =g, for some j, where 1 < j <mn;
Int) = 0 otherwise.

(i) Show that {gn}n>1 converges pointwise to a limit function g. (ii) Show that
the convergence in (i) is not uniform. (iii) Show that every {g}n>1 is Riemann

integrable, but the limit function ¢ is not Riemann integrable. [15]
(5) Suppose { fn}n>1 is a sequence of continuous functions on [a, b] converging uniformly
to a function f on [a,b]. Show that f is continuous. [15]
(6) Show that
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(Hint: Use Bernstein polynomial approximation of appropriate function.). [15]
(7) Obtain a power series expansion for the function
1 1
hiz) = —, x € |—1,1].
(z) :L'—2+ac+5 zel ]

Justify your claim. [15]



